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Abstract
Using recently proposed non-linearly realized supersymmetry in non-Abelian
gauge theory corrected to O(α′2), we derive the non-linear BPS equations in
the background B-field for the U(2) monopoles and instantons. We show that
these non-Abelian non-linear BPS equations coincide with the non-commutative
anti-self-dual equations via the Seiberg-Witten map.
∗koji@itp.ucsb.edu
It has been known that there are α′ corrections to the super Yang-Mills theory as a
low energy effective action of superstring theories [1][2]. The low energy effective theories
have been a very strong tool for analyzing the full string theory to find dualities and non-
perturbative properties. However, the entire structure of the α′ corrections is still beyond
our reach, although much elaborated work has been devoted to this subject [3]–[19]. To be
concrete, a stack of parallel Dp-branes has a low energy effective description which is the
p+1-dimensional super Yang-Mills theory accompanied with the α′ corrections, but even in
the slowly-varying field approximation the complete form of the effective action has not been
obtained yet. To fix this problem, recently there appeared several attempts to constrain the
action by supersymmetries [17], or the equivalence [20] to non-commutative theories [10][11].
Especially the paper [17] fixed all the ambiguity of the ordering and coefficients up to O(α′2).
In this paper, we give an evidence supporting both of these arguments of supersymmetries
and non-commutative geometries, by analyzing the BPS equations. Solitons and instantons
as solutions of the BPS equations in the low energy effective theory of D-branes have brane
interpretations. For example, a BPS monopole in U(2) Yang-Mills-Higgs theory corresponds
to a D-string suspended between two parallel D3-branes. We consider these brane configu-
rations in the background B-field, and explicitly construct U(2) non-linear BPS equations
for the monopoles and the instantons. For the construction we need an explicit form of the
linearly/non-linearly realized supersymmetry transformations in the effective theory which
was obtained in [3] and [17]. According to the equivalence observed in [20], these equations
should be equivalent with the U(2) non-commutative BPS equations [21]–[26]. In this paper
we shall explicitly show this equivalence∗. This fact is a supporting evidence of the super-
symmetry transformation in the effective action determined in [17]. Then we shall proceed
to obtain the explicit solutions to these equations and discuss the brane interpretation of
them.
The low energy effective action of open superstring theory with U(N) Chan-Paton factor
is given by the super Yang-Mills action corrected by α′ [1][2]:
L = str
[
−
1
4
(Fij)
2 +
1
2
π2α′2
(
FijFjkFklFli −
1
4
(Fij)
2(Fkl)
2
)]
+ (fermions) +O(α′3). (1)
The recent argument [17][18] on the ordering of the gauge fields and the fermions shows that
up to the order of α′2 all the terms can be arranged by the symmetrized trace (str), which
is compatible with the string scattering amplitudes and also the supersymmetries. We use
the action in the Euclidean four-dimensional space to treat the anti-self-duality equation for
both the monopoles and instantons simultaneously. This action is obtained via dimensional
reduction with Aµ = 0 (µ = 0, 5, 6, 7, 8, 9). The normalization for the gauge symmetry
∗In the Abelian case, this equivalence was shown in [27].
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generators is given by tr[TATB] = δAB, which follows the convention of [18].
The action (1) has a linearly realized supersymmetry for the gaugino [3]
δǫχ
A =
1
2
ΓijF
A
ij ǫ−
1
8
π2α′2str(TATBTCTD)
[
FBij F
C
jiF
D
klΓkl − 4F
B
ij F
C
jkF
D
klΓil
]
ǫ, (2)
which includes the α′ corrections to the first nontrivial order. The recent paper [17] shows
that this system has another supersymmetry, non-linearly realized supersymmetry, as is
expected from the fact that the action (1) describes a stuck of N D-branes which breaks half
of the bulk supersymmetries. This non-linearly realized supersymmetry is given by
δηχ
A = ηA −
1
2
π2(α′)2str(TATBTCTD)
[
1
2
FBijF
C
ij +
1
4
FBijF
C
klΓijkl
]
ηD, (3)
where the transformation parameter η has its value only for a U(1) subgroup of U(N) [17].
We have already neglected the fermions in the right hand sides of (2) and (3).
In order to compare our results with the previous literatures [23]–[25][27] we will consider
only the gauge group U(2). The normalized generators are defined as T a = 1√
2
σa for a =
1, 2, 3 and T 4 = 1√
2
 . Therefore especially the symmetrized trace of the four generators
appearing in the above supersymmetry transformations (2) and (3) is given by
str(TATATATA) = str(T aT aT 4T 4) =
1
2
, str(T aT aT bT b) =
1
6
(a 6= b), (4)
where the upper case A runs all the generators of U(2): A = 1, 2, 3, 4.
We turn on the background B-field which induces the non-commutativity on the world-
volume of the D-branes. This B-field is appearing in the action (1) as F 4ij → F
4
ij = F
4
ij+2Bij,
due to the bulk gauge invariance of the B-field.
For simplicity, we put πα′ = 1, which can be restored on the dimensional ground anytime.
The action (1) and its symmetries (2) (3) are obtained in string theory in the approximation
F ≪ 1 and the slowly-varying field approximation. We keep this in mind, and in the following
we shall obtain the non-linearly-modified BPS equations, perturbatively in small B. The
basic BPS equations around whose solutions we expand the fields are the anti-self-duality
equations
F
(0)a
ij + ∗F
(0)a
ij = 0, F
(0)4
ij = 0, (5)
where we have expanded the fields as FAij = F
(0)A
ij + O(B), and the Hodge ∗ is defined as
∗Fij ≡ ǫijklFkl/2. These equations are obtained by considering the lowest order in α
′ in (2) by
requiring a half of the linearly-realized supersymmetries are preserved. The transformation
parameters of the preserved supersymemtries then obey the chirality condition
(1 + Γ5)ǫ = 0 (6)
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where Γ5 = Γ1234. In the following, we assume that this chirality condition for ǫ persists also
to the higher order in α′ and even with the inclusion of B. This assumption will be checked
by the explicit existence of the solutions.
Along the argument given in [20][27]–[31], first we consider a combination of the two
supersymmetries (2) and (3) which remains unbroken at the spatial infinity where F = 0.
The vanishing of F gives
δǫχ
A = BijΓijǫ+O(B
3), δηχ
4 = η4 +O(B2). (7)
Thus (δǫ + δη)χ
4 = 0 at the infinity is equivalent with
η4 = −BijΓijǫ+O(B
3). (8)
Using this relation between two supersymmetry transformations, the vanishing of the super-
symmetry transform of the gaugino in all the four-dimensional space leads to BPS conditions
1
2
F aijΓijǫ = 0, (9)
1
2
F4ijΓijǫ− BijΓijǫ−
1
4
str(T 4TBTCT 4)
[
1
2
FBijF
C
ij +
1
4
FBijF
C
klΓijkl
]
BijΓijǫ
−
1
8
str(T 4TBTCTD)
[
FBijF
C
jiF
D
klΓkl − 4F
B
ijF
C
jkF
D
klΓil
]
ǫ = 0. (10)
The first one (9) gives usual anti-self-duality equation† without any correction of B. In the
analysis up to this order, only the U(1) part of the gauge field obtains the first nontrivial
correction of B as F 4ij = O(B). Let us calculate the third and the fourth terms in (10).
Keeping in mind that we neglect the terms of the higher order, the third term can be
arranged as
−
1
4
[
(F
(0)B
ij )
2
]
BklΓklǫ+O(B
2), (11)
where we have used the anti-self-duality of F (5) and the chirality of ǫ (6). After a straight-
forward calculation, the fourth term in (10) can be evaluated in the same manner and turns
out to be the same as (11)‡. The term (F (0))3 is negligible because it is of the higher order.
These evaluation simplifies the BPS condition (10) to
F 4ijΓijǫ− (F
(0)A
kl )
2BijΓijǫ = 0. (12)
†The α′ corrections in the linearly-realized transformation (2) are actually factored-out when the lowest
order relations (5) are substituted.
‡These calculations are easily performed with the use of the block-diagonal form of the matrix B which
is obtained by the space rotation without losing generality.
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Decomposing this condition into the components, we obtain the non-linear BPS equations
F 4ij + ∗F
4
ij − π
2α′2(Bij + ∗Bij)(F
(0)A
kl )
2 = 0, (13)
where we have restored the dimensionality.
The important is to check whether the equations (13) are equivalent with the non-
commutative BPS equations via the Seiberg-Witten map [20]. The non-commutative U(2)
monopoles/instantons [21]–[26] satisfy the following BPS equations
FˆAij + ∗Fˆ
A
kl = 0, (14)
where fields with the hat indicate the ones in the non-commutative space. Substituting the
Seiberg-Witten map [20]
Fˆij = Fij +
1
2
θkl
(
2{Fik, Fjk} − {Ak, (Dl + ∂l)Fij}
)
+O(θ2) (15)
into the above non-commutative BPS equation (14) and noting that the last gauge-variant
terms in (15) vanish with the use of the lowest level anti-self-duality (5), then we obtain
F 4ij + ∗F
4
ij +
1
4
(θij + ∗θij)(F
(0)
kl )
2 = 0. (16)
Now we can use the relation [20, 27]
θij = −(2πα
′)2Bij (17)
which has been deduced from the worldsheet propagator for an open string in the approxima-
tion α′B ≪ 1, then we can see the equivalence between the non-commutative BPS equations
(14) and the non-linear BPS equations (13).
Let us consider the specific brane configurations.
(1) U(2) non-commutative monopole. In this case we perform the dimensional reduction
further down to the three-dimensional space and regard the fourth gauge field A4 as a scalar
field Φ. We turn on only one component of the B-field, B12 6= 0. Since we have a solution
to the U(2) non-commutative BPS equation for a monopole [23][24][26], and we know the
Seiberg-Witten transform of that solution to an appropreate order in α′ [27], then from
the above equivalence, that transform is actually a corresponding solution to the non-linear
BPS equation (13). After diagonalization of the scalar field, the eigenvalues exhibits the
configuration in which the single D-string suspended between the two parallel D3-branes is
tilted [21] so that they preserve 1/4 supersymmetries in the bulk with the B-field, as shown
in [27].
4
(2) U(2) instanton. It is known that the small instanton singularity of the anti-self-dual
instanton moduli space is resolved if we introduce self-dual background θ [20, 32]. However,
this resolution does not occur in the case of anti-self-dual θ. This fact may be observed
from the non-linear BPS equations and their solutions. First let us analyze the anti-self-dual
B-field (note the relation (17)) B12 +B34 = 0. Since the equation
BijΓijǫ = 0 (18)
holds for ǫ which is involved with the preserved supersymmetries for the anti-self-dual gauge
field configuration, the whole η terms vanish. Thus the linear BPS equation is not corrected,
and so the configuration is not affected by the B-field:
F + ∗F = 0. (19)
This is consistent with the observation that the linear BPS equation F + ∗F = 0 may solve
fully α′-corrected non-Abelian effective theory, as it is true in the case of Abelian theory [33].
Since now the self-duality is the same as the B-field orientation, we can subtract the B-field
from the both sides of the above equation and then obtain (19). This result may be related
to the observation in [34] that for the large instanton radius the commutative description of
the non-commutative U(2) instanton [25] does not seem to have θ dependence§. From the
non-commutative side, we substitute the Seiberg-Witten map to the non-commutative BPS
equation (14), but then the order θ terms cancel with each other and we found the usual
anti-self-dual equation (19).
On the other hand, for the self-dual B-field background B12 = B34, there exists a correc-
tion, which is expected from the resolution of the small instanton singularity. One can solve
the non-linear BPS equation (13) using the general ansatz [20] in this background
A4i = Bijx
jh(r) (20)
for a radial function h(r). Substituting the lowest order solution
F
(0)a
ij =
4ρ2
(r2 + ρ2)2
ηaij , (21)
we obtain a differential equation for h(r) and the solution is
h(r) = 16π2
ρ4(3r2 + ρ2)
r4(r2 + ρ2)3
. (22)
§For the small value of ρ the gauge fields is not slowly-varying, the D-instanton charge distribution is
corrected due to the derivative corrections to the Wess-Zumino term [35], thus we may not see any relation
with [34].
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This is the first nontrivial correction to the anti-self-dual instanton. Since in this case the
small instanton singularity must be resolved, we might be able to see it by computing the
instanton charge distribution with this correction, but it turns out to be very small as
∼ B2ρ8/r16 compared to the original instanton density ∼ ρ4/r8. Therefore unfortunately we
cannot see the change of the instanton radius caused by the introduction of the B-field.
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